Purpose of the study: The purpose of this study is to investigate the effect of a PBL environment enriched with VMs by comparing it with a traditional PBL environment. The comparison is focused on academic achievements in Quadratic Equations and Polynomials subjects and attitudes towards mathematics courses.
Methods:
Since randomly assigning students to groups was not possible, a quasi-experimental design was used in the study. One experimental group (EG; N = 30) and one comparison group (CG; N = 30) were used in the study. While the comparison group was taught with traditional PBL activities, the experimental group received some other PBL by using the web enriched with VMs. Participants in the EG and the CG were pretested and post-tested with an Achievement Test (AT), including 25 questions about Polynomials and Quadratic Equations subjects. The changes in attitudes were investigated by an attitude scale.
Findings and Results:
The statistical analysis indicates that EG students significantly outperformed CG students with respect to AT results. The change in attitudes towards mathematics courses was not statistically significant among the two groups.
Conclusions and Recommendations:
The results of the study provided some empirical evidence about the positive effects of VMs that are used to
In related studies section, research studies about PBL, ePBL, and VMs are discussed briefly, and the need for this study is addressed.
Related Studies
PBL can be administered either in classrooms or in the outdoors. In contrast to outdoor activities, the web is generally used to facilitate activities in ePBL applications (Markham, Mergendoller, Larmer, & Ravitz, 2003) . Students can be allowed to access the information in a variety of forms and use information for completing the tasks by ePBL. In this context, some researchers found that students in ePBL applications showed better performances than those who completed projects in the traditional way (Barak & Dori 2005; Jonassen et al., 2003; Guthrie, 2010) , and they expressed that ePBL has enhanced the students' investigations of real-life problems in a scientific manner. In another study, the researchers investigated the positive effects of ePBL on students' attitudes (Morgil, Seyhan, Alsan, & Temel, 2008) . While some ePBL applications exist in science, the examples for mathematics courses are limited. Al-A'ali (2008) focused on the challenges and opportunities of using ePBL in mathematics lessons. The study noticed improvement in grades and students' motivation. During project tasks, students should work on plans, experiments, or designs to solve problems. This will require students to interact with content or perform operations with information. Durmuş and Karakırık (2006) point out that, for mathematics education, VMs may provide interactive environments in which students could pose and solve their own problems to form connections between mathematical concepts and operations and then get immediate feedback that might lead them to reflect on their conceptualization.
VMs are digital objects that can be used as stand-alone resources or as components for constructing learning environments to enhance conceptual understanding (NCTM, 2000; Reimer & Moyer, 2005) . Research studies have shown that VMs may have a positive impact on both the higher-order thinking and motivation of students (Finkelstein, Adams, Keller, Kohl, Perkins, Podolefsky et al., 2005; Huppert & Lazarowitz, 2002; Hsu & Thomas, 2002; Zacharia, 2007) . Reimer and Moyer (2005) showed that students' interactions with the virtual base-10 blocks improved their expressions in both writing and drawings related to their conceptual understanding of the regrouping process in mathematics. Also, some other studies promulgated the idea that VMs can support or enhance the learning of mathematical concepts (Chin & Teou, 2009; Steen, Brooks, & Lyon, 2006) and can positively affect the attitude toward mathematics (Mc Neil & Jarvin, 2007; Patricia, 2001) .
Analyzing the literature about ePBL environments shows that these environments have some limitations on student-context interactions. In addition, the distributed feature of information resources or the use of knowledge resources other than those teachers suggested may cause some challenges in ePBL.
In this sense, VMs can be used not only as a learning setting tools, but they can also be used as information resources solely by providing manipulations to the students. Thus, VMs can allow students to conduct experiments or to simulate procedures or processes. Therefore, this study aimed to combine the potentials of PBL and VMs to determine the efficacy of the ePBL instructional practices. The differences in this study are the provision of a learning environment enriched with VMs so the students find information for their projects from the VMs and also the use of VMs to construct new knowledge through their manipulation.
Therefore, this experimental study aimed to evaluate students' learning outcomes of an ePBL environment enriched with VMs for teaching mathematics. The major purposes were:
1. To compare the learning outcomes (achievements and attitudes) of ePBL and traditional PBL environments.
2. To explore students' work and learning as a result of their experiences with the ePBL environment.
Method

Research Design
The study compared learning outcomes of two different PBL environments. Since randomly assigning students to groups was not possible, a quasi-experimental design was used in the study. The study utilized a pre-test/post-test nonequivalent control group design.
Research Sample
One experimental group (EG; N = 30: 14 male, 16 female) and one comparison group (CG; N = 30: 15 male, 15 female) were used in the study. Both of the students in the EG and the CG received a mathematics course from the same teacher in 9th grade. They have only a little introductory knowledge about quadratic equations and polynomials. Thus, their backgrounds about the subjects can be considered similar.
Research Instrument and Procedure
The first step of the study was developing fifteen VMs related to the Polynomials (n=6) and Quadratic Equations (n=9) subjects of a 10 th grade mathematics curriculum. Two mathematics education academicians and two mathematics teachers' reviews were taken to revise the VMs. The objectives for the learning domains used in this study are presented in Table 1 . During the first four week process, both the EG and CG received the same lessons from the same teacher using a traditional method. The traditional teaching method was teacher-centered and included discussions in which the subjects were presented by or discussed with the instructor. The teaching materials were traditional mathematics materials, and knowledge was transmitted to students generally by writing on a board or presenting from a projector. The teacher provided the facts and presented some new concepts in this period. Before the experimental study, the researcher gave some information about VMs to the teacher so she gained experienced in using VMs, and she developed an idea about how to use them for PBL.
After four weeks, both the EG and CG groups received three projects about Polynomials and Quadratic Equations subjects. Two weeks for each project (6 weeks in total) were provided for the students. In two groups during the project process, the teacher delivered only short explanations about the projects. In the EG setting, to the teacher recommended that students use VMs for projects. She explained to the EG students how to use the VMs in projects. Both the EG and CG students worked in groups of three students. In the EG and CG groups, most of the students were provided with almost all of the typical PBL stages. After the problem statement was given by the teacher; students tried to identify the information needed to understand the problem, find resources to gather information, generate possible solutions, and analyze the solutions. After completing the projects, both ePBL and traditional PBL groups presented their projects in the classroom. In both the EG and CG, the teacher gave the problems and evaluated the solutions in the classroom. Only the EG students used VMs in gathering information and in doing experiments to solve problems. In addition, both in the EG and CG, the teacher observed member behaviors in the groups, data they found, the method of doing the experiments, or the interaction of group members during the process. She did not allow students to interact across groups. She asked the EG students to write how they acted in using VMs while they were dealing with the projects.
During the intervention EG students could directly use VMs to solve two problems. One of the problems was about using algebra tiles in polynomials, and the other was related to degree of polynomials (Project 1.3). They referred to three different VMs that included concepts and procedures in order to complete Project 1.2. Students could enter the parameters related to the operations on polynomials. Project 2 was about the objective of "Relations among roots of equations and equation coefficient." In this sense, students practiced on three other VMs forming quadratic equations, identifying the factors of x and y. They provided solutions for Project 2.1 and Project 2.2 by using experiences they gained from these three VMs. The details of the projects and the selected correct answers for the projects are shown in Appendix 1.
In the CG, students were not aware of the VMs repository. They were told to complete projects, such as completing traditional homework, by performing research on the internet, by referring to teachers' notes, and by reading text books. They found various examples and used them to develop interpretations about the solutions for the problems in the projects. In addition, they used wiki, forums, and some web sites specialized for school mathematics.
Validity and Reliability
An Achievement Test (AT) was administered to EG and CG students. The test included 25 items about the learning outcomes regarding the polynomials and quadratic equations sub-learning domains. It was developed through the opinions of three field experts. The distributions of the item weights were determined according to the learning outcomes by using a table of specifications. The reliability of the test was calculated (α=0.81) by administering the test as a pilot study in two other (n1=36, n2=35) 10th grade students. The students' responses were evaluated over 100 points.
The changes in students' attitudes were measured by the Mathematics Attitude Questionnaire (MAQ) by administering it at the beginning and at the end of the study. The MAQ was developed and validated by Duatepe and Çilesiz (1999) . The questionnaire consists of 38 items related to students' opinions about their mathematics courses. It has been used in similar research studies to determine attitude changes towards mathematics (Çakıroğlu, 2010; Tekerek, Yeniterzi, & Ercan, 2011) . To examine the students' attitudes, the ratings of the respondents were determined on a five-point Likert-type scale ranging from strongly disagree (1) to strongly agree (5). In addition, 8 selected students from the EG were interviewed to explore their work and learning as a result of their experiences in the ePBL environment. In interviews, most of the questions posed to the participants were similar; some extra questions related to respondent answers were asked as well.
Data Analysis
The findings were coded thematically, and the themes and frequencies are presented. The themes were interpreted and utilized to elaborate upon the quantitative data regarding changes in both achievement and attitude. The web statistics were also used to determine the users and use rates of VMs for the projects.
Results
The quantitative and qualitative data is analyzed for determining both the changes in academical achievements and attitudes and exploring the students experiences.
Comparison of Academic Achievements and Attitudes
Changes in academic achievements
The independent t-test results on pre-test scores (t(58)= -0.830; p= 0.410) show that there was no significant difference among the mean scores of the groups. The averages of pre-test scores were close to each other (EG (M= 40.4; SD= 10.41 and CG (M= 42.43; SD= 11.37) ). This reflects the similar backgrounds of the students in the EG and in the CG before the intervention. According to the independent t-test results, a statistically significant difference between the mean scores of post-tests of EG (M= 60.20; SD= 13.88) and CG (M= 50.60; SD= 11.78) students was found (t(58)= 2.88; p= 0.005) at the 0.05 level of significance. The result points out the students in the EG who received projects in ePBL were outperformed students in the CG. Table  2 summarizes the pre-test and post-test statistical results in the EG and in the CG. The effect of treatment on student achievements in the EG and CG was examined by a paired-samples t-test as illustrated on Table 3 . There was a significant difference in the mean scores in the EG for the pre-test (M= 40.4; SD= 10.41) and for the post-test (M: 60.2; SD= 13.88), and a significant difference exits in the means scores in the CG for the pre-test (M: 42.73; SD=11.37) and post-test (M= 50.6; SD= 11.78 ). This result reflects that both ePBL and traditional PBL treatments provided a positive effect on achievements.
Changes in attitudes
The mean scores come from the EG, and the CG attitude scales were analyzed by an independent samples t-test for two groups. The results of the t-test are shown in Table 5 . According to the independent t-test results, there was no statistically significant difference between the groups in the mean scores of pre-attitude scale ((t(58)= -0.73; p= 0.46) at the 0.05 level of significance). Also, after the intervention, no significant difference occurred among the EG and the CG [t(58) = 1.70, p <.05]. The influence of VMs to the students' attitudes in the EG and the CG was determined by a pairedsamples t-test presented in Table 6 . The results showed that a significant difference occurred for both EG and CG in the means for pre-attitude and post-attitude scores. . These results reflect that both the EG and CG students had positive attitudes after the projects. In sum, with the treatment, students in the EG had better performance compared with those in the CG, and in both the CG and the EG, the resulting attitudes after treatment were positive.
Work and Experiences of Participants
Web records. The web records shown in Table 9 were used as quantitative data for interpreting the support of VMs in achievement and attitude changes. As shown on Table 9 , all of the VMs are used in the EG for all projects in which the usage frequency is between 17 and 28. VM5 was most frequently preferred in doing Project 1. VM8, VM9, and VM12 were the most commonly used for studying on Project 2. VM14 and VM15 had similar usage rates for Project 3.
The data from the web statistics was used to choose eight participants to interview. Two of the eight students were below the average, four of them were at the average, and two were selected from students above the average. The questions posed to them were chosen considering their VM usage rates. The interviews generally included inquiry into how they benefited from VMs, behaviors during VM use, contributions of VMs on solving problems, and understanding concepts in projects. The responses of students were coded thematically, and the themes are listed in Table 8 . Table 8 The Interview Theme
Enhancing learning Pos.
Understanding better 8
Learning quickly 7
Learning permanence 2
Correcting misunderstandings 5
Neg.
Proceeding Slowly 1
Attitude toward course Pos.
Not feeling embarrassed 8
Enjoy the course 8
Interested in course 7
Well motivated 8
Spending too much time studying mathematics 6
Similar examples on projects 7
Get tired 2
Get stressed 6
Distracted attention 1
Anxiety about exams 5
Behaviors during the course Pos.
Intensify the previous subjects 8
Learn from mistakes 6
Feel independent from teacher 6
Take self responsibility in the course 7
Neg. Not enough time to do projects 3
Other
Technical problems 2
Pos: Positive, Neg: Negative Enhancing learning. In this section, some responses that illustrate the main themes and ideas are selected from the interviews. Q: How can you describe the learning environment you met while working on the projects? Selected responses:
S6: This site proved to be very useful for working on projects. It is difficult to find a large amount material together elsewhere. I have studied hard to complete the projects. I think the projects were beneficial for me and have given me good knowledge. The tasks in the problems have played an important role in my understanding.
S8: I corrected some of my mistakes with regard to quadratic equations. Also, it was useful to understand the daily use of mathematical subjects. However, I would have liked to see some examples related to the exams here.
The opinions of S6 and S8 specify that an ePBL environment may be useful to enhance learning in permanency, correcting previous mistakes, and remedying the misconceptions by associating to the previous and the present knowledge. S8 identified the limitation of exam questions in VMs.
Attitude towards the course. In this section, responses that outline attitudes toward the course are selected.
Q: While doing your projects, which activities did you enjoy or dislike? Please explain the reasons? S7: I believe all of the projects should be in this format. Before the projects, on occasions I did not understand why we need to learn certain subjects. However, I found the web made the studying of the projects very enjoyable. S6: Overall, it was a good experience, but I think some activities took a lot of time; sometimes there were similar problems which appeared to be repetitive. Q: What were the main differences between projects with VMs and your previous projects? S1: Here online, I don't see the teacher near me; it is very good for me. Because sometimes I forget what I will do when she is near me. S3: Course was not so difficult with the projects. I can say I felt very comfortable. S5: Sometimes the VMs were a teacher for me; I took quick feedbacks, and these feedbacks were very useful for completing the projects.
It was seen that participants stated feeling comfortable with independence from the teacher and they felt comfortable learning from mistakes.
Discusssion and Conclusions
In the study, the students' roles in the ePBL environment were almost similar to the students' roles of PBL in classroom. (Krajcik et al., 1994) . The main roles of students in PBL may be summarized in Figure 2 . In the study, students in the EG were not delivered the acquisitions directly; they were expected to explore the concepts while working on the VMs. In the ePBL environment, a number of students could benefit from VMs in order to solve the problems and construct new knowledge. Thus, in the research phase, students found the VMs that they needed to understand concepts and solve problems. In the problem solving phase, students tried to develop solutions for the problems. During this process they worked on the activities of VMs by manipulating parameters or other tools related to the problem. The nature of the projects determined that participants were responsible for research, trying alternatives, and finding the best solutions for the problems on VMs. It was a real endeavor for students to work on the VMs for the first time. The activities were related to different outcomes so they needed to work on more than one VM in order to perform the requirements. So, in the ePBL environment, students could construct new knowledge by building on their current knowledge through interactions with the VMs. This also refers to the constructivist theory that learners construct knowledge through activities and their learning based on experiences (Hernández-Ramos & Paz, 2010) . These results suggest that ePBL enriched with VMs does have a more positive effect on academic achievements than traditional PBL activities. In an ePBL environment, manipulating parameters, changing the figures on the activities, separating the shapes into segments, or joining the segments helped students to explore mathematical concepts and to solve problems.
There was no significant difference in the post-attitude scores for ePBL and PBL environments. One reason may be that both of the two group students did not have previous experience in projects that include all phases of the PBL. This was the first time they worked intensively on gathering information, discussing, making different predictions, making plans for solutions or experiments, or trying experiments. The point to be emphasized is that ePBL environments allow students to take pleasure in and take interest in working on projects using VMs. In both traditional PBL and ePBL groups, achievement and attitude scale scores had improved during the treatment. In this sense the idea of McGreal (2004), which is about learning with ePBL, can offer huge opportunities to access and act on much knowledge, and information supports the results of this research.
Students in the ePBL group enjoyed and were interested in working on VMs in the ePBL environment. They did not feel embarrassed. Also, the ePBL environment encouraged them to take responsibilities on their own learning and improved their abilities to do so. Taking their own responsibility may support them in completing their projects. Besides, there were some factors that influenced student attitudes towards mathematics courses. The students indicated that sometimes they got tired and got stressed about not being able to bring up the projects in the limited given time. Also, a few students explained that their attention grew distracted sometimes on the Internet. These kinds of responses were parallel to the results of some other web based PBL applications (Lee, 2001; Steen et al., 2006) . As Hakkarainen (2009) emphasized, ePBL offers a good model to support students' knowledge and skills, and students will benefit from learning with and about technology. In addition, another study has presented that both academic achievements and attitudes were positively changed (Morgil et al., 2008) . Muller, Buteau, Ralph, and Mgombelo (2009) focused on students' projects in which they developed and implemented their own VMs, and they observed that students also have dedication, pride, and ownership in their mathematical work. In another work about VMs, Salajan et al. (2009) found that the visual and interactive activities had the potential to induce positive outcomes in mediating the students' conceptualization of difficult theoretical notions. In spite of the fact that there are some similarities in the results of this study and other ePBL studies, the main difference is that, in those studies, VMs did not a play key role in the ePBL environment.
In addition, the study has some limitations. The style of teaching in two environments might have little influence on achievements. The teacher sometimes thought that students in the EG could have some technical problems in using VMs, so she may have spent more time for the EG students. The traditional teaching in both the EG and the CG in the first four weeks of the study may have provided positive impact in improving the achievements. Besides, in both the EG and in the CG, the basic variables (subject, time, teacher) were the same, so this influence can be considered unremarkable.
Ultimately, researchers have come to an agreement that students learn best through a PBL approach in which they are able to explore knowledge with the advantage of technological tools (Blumenfeld et al. 1991; Linn et al., 2000) . This study put forward some evidence that the potential of VMs may be considered in the context of these kinds of technological tools.
In this study a PBL environment enriched by combining the potentials of VMs and PBL was explored. Students enjoyed working with VMs and found the activities interesting and helpful for understanding concepts and solving problems. This paper provided hints that students may benefit from working with VMs in a PBL environment, just as they do in traditional PBL settings. In this sense, some of the major conclusions of the study are:

The VMs in parallel with the curricula make it possible to develop projects and use them in PBL settings.
The appropriate projects enriched with VMs may have positive effects on achievements and attitudes in mathematics classrooms. In order to develop good projects, repetitions in activities should not be allowed, and the duration of the projects should be tailored.
It is not easy to prepare projects with VMs, so teachers should be encouraged to use VMs. Also, both the quality and the quantity of VMs must be adequate.
 Well-designed technological infrastructure is important for the success of ePBL environments.
In the current study, only one teacher's experiences with VMs in an ePBL environment were discussed. In future work, multiple teachers' perceptions should be investigated to determine the use of VMs in various contexts. Although in this study the data about academic achievements was collected with only test items and web statistics, this did not provide an opportunity to elaborate on the conceptual understanding. So, other data collection instruments like clinical interviews and open-ended questions may be required in future works. The difference of volumes of rectangular prism and a cube of are requested. A length of the one dimension of the cube (X) is 1 unit smaller than the smallest dimension of rectangular prism and the other dimension is 1 unit greater than the smallest dimension. The third dimension is … Develop a polynomial to find differences between rectangular prism and a cube Find the value of X (X<5) which makes this difference minimum? Project 1.3. Develop 2 polynomials having 3 terms in which the degree of P(x)*Q(x) is 14 and the degree of P(x)/Q(x). Find the sum of P(x) and Q(x) polynomials (b<a) for x=1 value.
Proje
Project 2.1. A football stadium director knows that if he charges 10TL per accommodation, the team could count with 5000 visitors. He also knows that if he makes 1TL of discount he would have 200 visitors more. Make a model for the money earned from the visitors.
Project 3.1.
The roots for the x2-4x+3 equations is x1, x2. Develop a quadratic equation which has the roots having values two more.
Some Selected Answers from Projects
